Published by Institute of Physics Publishing for SISSA/ISAS Received: July 6, 2004 Accepted: September 13, 2004

Towards a theory of flavor from orbifold GUTs

Lawrence J. Hall,^{ab} John March-Russell,^{ac∗} Takemichi Okui^{ab†} and David R. Smith^{a‡} aTheory Group, Physics Division, LBNL Berkeley, CA 94720, U.S.A.

bPhysics Department, University of California Berkeley, CA 94720, U.S.A. cTheory Division, CERN CH-1211 Geneva 23, Switzerland E-mail: ljhall@lbl.gov, j.march-russell1@physics.ox.ac.uk,

okui@buphy.bu.edu, rsmith@lbl.gov

Abstract: We show that the recently constructed 5-dimensional supersymmetric S^1/(Z_2× Z^′_2) orbifold GUT models allow an appealing explanation of the observed hierarchical structure of the quark and lepton masses and mixing angles. Flavor hierarchies arise from the geometrical suppression of some couplings when fields propagate in different numbers of dimensions, or on different fixed branes. Restrictions arising from locality in the extra dimension allow interesting texture zeroes to be easily generated. In addition the detailed nature of the SU(5)-breaking orbifold projections lead to simple theories where b − τ unification is maintained but similar disfavored SU(5) relations for the lighter generations are naturally avoided. We find that simple 5d models based on S^1/(Z_2 × Z^′_2) are strikingly successful in explaining many features of the masses and mixing angles of the 2nd and 3rd generation. Successful three generation models of flavor including neutrinos are constructed by generalizing the S^1/(Z_2 × Z^′_2) model to six dimensions. Large angle neutrino mixing is elegantly accommodated. Novel features of these models include a simple m_u = 0 configuration leading to a solution of the strong CP problem.

Keywords: Field Theories in Higher Dimensions, Quark Masses and SM Parameters, GUT.

∗Current Affiliation: Department of Physics, University of Oxford, Oxford OX1 3NP, U.K. †Current Affiliation: Physics Department, Boston University, Boston, MA 02215, U.S.A. ‡Current Last Name: Tucker-Smith, Current Affiliation: Department of Physics, Williams College, Williamstown, MA 01267, U.S.A.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004026 /jhep092004026 .pdf

Contents

1. Introduction 1

2. Basics of the S^1/Z_2 × Z^′_2 model 3

3. Flavor hierarchies from geometry 5

4. Two-generation models 7 4.1 Neutrino masses 9

5. Three-generation models in six dimensions 9 5.1 Two simple 3-generation models with small tan β 11 5.2 Improved 3-generation models 14

6. Conclusions 16

1. Introduction

Since the pioneering work of Georgi and Glashow [1] (also [2]) the compelling concept of a grand unified theory (GUT) of the Standard Model (SM) gauge interactions has dominated our thinking about physics at high energies. The quantitative success of gauge coupling unification [3] in the minimal supersymmetric standard model (MSSM) extensions of these theories [4, 5] has provided further support for this idea [6].

These successes motivate one to look for similar high-scale explanations of the rich flavor structure we observe at low energies. While the three Yukawa matrices appear as independent parameters in the Standard Model, they can become correlated in an extension: e.g. , in specific GUTs there are relations between fermion masses, such as the SU(5) relation m_b = m_τ [7]. As with the unification of gauge couplings this relation applies only at the unification scale and is modified by renormalization group (RG) running down to the weak scale. Indeed, these corrections offer a further tantalising piece of circumstantial evidence in favour of supersymmetric unification for, starting with the relation m_b(M_X ) = m_τ (M_X ), they bring the prediction for m_b/m_τ into agreement with experiment using the same value for the unification scale M_X as found in the analysis of gauge couplings. This illustrates both how the analysis of fermion masses can lend support to the hypothesis of (supersymmetric) unification, and how we can learn about the puzzling flavor structure of the SM from unified theories.

– 1 –

However, additional predictions for fermion masses and mixing angles require more sophisticated unified theories. One reason for this is that the simple relations m_s = m_μ and m_d = m_e are in gross disagreement with experiment even with RG corrections included. Such problems inspired Georgi and Jarlskog [8] to study a different unified ansatz, which was then developed and extended to other ansätze in many subsequent studies with some success (see for example [9, 10]). Despite this, one problem that looms over GUTs, and especially their extensions addressing such flavor structure, is the difficulty of building a Higgs structure that achieves the desired pattern of vacuum expectation values (VEVs) and breaking. Most notorious is the doublet-triplet splitting problem of SU(5) and other GUTs. Although solutions, such as the Dimopoulos-Wilczek mechanism in SO(10) are possible [11], the full Higgs structure necessary to realise the flavor relations tends to be unattractive. In addition the constraints from the non-observation of proton decay are now so severe as to disfavor or even rule out many of the simplest models [12].

Recently, a new possibility for the embedding of the SM into a form of GUT has been suggested in refs. [13]–[19]. The idea is that the GUT gauge symmetry is realized in 5 or more space-time dimensions and only broken down to the SM by compactification on a singular ‘orbifold’, utilizing GUT-symmetry violating boundary conditions. Given the success of the traditional supersymmetric gauge-coupling unification predictions, the most attractive model is one with both supersymmetry and (in a sense we make precise) SU(5) gauge symmetry. Then in the 5d case both the GUT group and 5d supersymmetry are broken by compactification on S^1/(Z_2 × Z^′_2) down to a N=1 SUSY model with SM gauge group. This construction allows one to avoid some unsatisfactory features of conventional GUT’s with Higgs breaking, such as doublet-triplet splitting, while maintaining, at least at leading order, the desired gauge coupling unification [15, 16, 21].^1 The significant advantage of the effective field theory approach to orbifolds that we advocate, is that large classes of (consistent low-energy) models can be surveyed, and phenomenologically interesting features or mechanisms identified.

In this paper we examine what we consider a very appealing explanation of the hierarchical structure of the quark and lepton masses and mixing angles based on a generalization of the S^1/(Z_2 × Z^′_2) orbifold GUT model. Our hypothesis is that flavor hierarchies are a result of the geometrical suppression of some couplings due to wavefunction normalization factors arising when fields propagate in different numbers of dimensions. Locality and the detailed nature of the orbifold projections in field space play significant roles as fixed branes of various dimensionalities and in various locations are an automatic feature of the S^1/(Z_2 × Z^′_2) orbifold mechanism for SU(5) breaking. We find that quite simple models of this sort lead to notably successful flavor textures.

The outline of our paper is as follows. In section 2 we briefly recall the essential features of the S^1/(Z_2 × Z^′_2) orbifold mechanism, paying particular attention to aspects that are important in the construction of our theory of flavor. In section 3 we explain the basic idea of our approach to the flavor problem, while section 4 is devoted to the examination of these ideas in the simplified context of models for the flavor structure

1These features are shared with those of the original string orbifold constructions [20].

– 2 – of the heaviest 2 generations. We find that a simple hypothesis is strikingly successful in explaining many features of 2nd and 3rd generation masses and mixing angles: the only matter propagating in the 5th dimension is the second generation 10 of SU(5). Full three generation models of flavor require that we generalize this S^1/(Z_2 × Z^′_2) model to six dimensions. The construction and appealing aspects of such models are discussed in section 5. Finally, section 6 contains our conclusions.

2. Basics of the S^1/Z_2 × Z^′_2 model

In this Section we provide an introduction to the physics of the simplest orbifold GUT model, the SU(5) model on the 5 dimensional space M_4 × (S^1/Z_2 × Z^′_2). We closely follow the discussion and notation of Refs. [15, 16].

In addition to 4d Minkowski space consider a 5th dimension with orbifold structure S^1/(Z_2 ×Z^′_2). (We label the usual 4d coordinates x^μ, μ = 0, . . . , 3, while the 5th coordinate x^5 ≡ y.) The circle S^1 is assumed to have radius R where 1/R ∼ M_{GUT}. The orbifold S^1/(Z_2 × Z^′_2) is obtained by modding out the theory by two Z_2 transformations which impose on bulk fields the equivalence relations: P : y ∼ −y and P^′ : y^′ ∼ −y^′ (here y^′ ≡ y − πR/2). Under these actions there are two inequivalent fixed 3-branes (or ‘orbifold planes’), which we denote O and O^′, located at y = 0, and y = πR/2 ≡ ℓ, respectively. The physical domain of the theory is the interval y ∈ [0, ℓ] with the O, O^′ branes acting as ‘end-of-the-world’ branes.

The action of the equivalences P, P^′ must also be defined within the space of fields: P : Φ(x, y) ∼ P_ΦΦ(x, −y) and P^′ : Φ(x, y^′) ∼ P^′_ΦΦ(x, −y^′), where here, P_Φ and P^′_Φ are matrix representations of the two Z_2 actions, and we can classify the fields by their (P, P^′) eigenvalues (±1, ±1). Then the KK expansions of bulk fields Φ_{P P} ′ (x, y) involve cos(ky/R) with k = 2n or 2n + 1, for Φ_{+P} ′ (P^′ = +, − respectively), and sin(ky/R) with k = 2n + 1 or 2n + 2, for Φ_{−P} ′ (P^′ = +, − respectively). Only the Φ_{++} possess a massless zero mode, the other KK modes acquire a mass k/R from the 4d perspective. Only Φ_{++} and Φ_{+−} have non-zero values at y = 0, while only Φ_{++} and Φ_{−+} are non-vanishing at y = ℓ. The action of the identifications P, P^′ on the fields (the matrices P_Φ and P^′_Φ) can involve any symmetry of the bulk theory; gauge transformations, discrete parity transformations, and R-symmetry transformations in the supersymmetric case; and this allows one to break the bulk symmetries.

The starting point for phenomenology is a 5d SU(5) gauge theory with minimal 5d SUSY (8 real supercharges, corresponding to N = 2 SUSY in 4d). Thus, at minimum, the bulk must have the 5d vector superfield, which in terms of 4d N = 1 SUSY language contains a vector supermultiplet V with physical components A_μ, λ, and a chiral multiplet Σ with components ψ, σ. Both V and Σ transform in the adjoint representation of SU(5). If the parity assignments, expressed in the fundamental representation of SU(5), are chosen to be P = diag(+1, +1, +1, +1, +1), and P^′ = diag(−1, −1, −1, +1, +1), so that the equivalence under P is V^a(x, y)T^a ∼ V^a(x, −y)P T^aP^{−1} , (2.1)

– 3 – and similarly for P^′, then SU(5) is broken to SU(3) × SU(2) × U(1) on the O^′ fixed-brane, but is unbroken in the bulk and on O. If for Σ the same assignments are taken apart from an overall sign for both P and P^′ equivalences, e.g. , under P ,

Σ^a(x, y)T^a ∼ −Σ^a(x, −y)P T^aP^{−1} , (2.2)

then these boundary conditions also break 4d N = 2 SUSY to 4d N = 1 SUSY on both the O and O^′ branes. Only the (+, +) fields V^a possess massless zero modes (a labels the unbroken SU(3) × SU(2) × U(1) generators of SU(5), while â labels the broken generators), and at low energies only the gauge content of the 4d N = 1 MSSM is apparent.

On the other hand, the bulk of the theory is invariant under both the full SU(5) gauge symmetry and the full 5d minimal supersymmetry. If we take the MSSM matter to reside in the bulk, then they must come in complete SU(5) multiplets. In fact the correct situation with regard to quantum numbers is slightly more subtle. The reason for this is that the bulk N = 2 SUSY appears to pose a problem. The minimal matter superfield representation for such a theory is a hypermultiplet, which in 4d N=1 language decomposes in to a chiral multiplet Φ_R together with a mirror chiral multiplet in the conjugate representation Φ^c_R. Thus, the choice of matter in the bulk would appear to have problems reproducing the chiral structure of the SM.

Fortunately as shown in detail in ref. [16] (see also [15]) the structure of the orbifold projections P and P^′ acting on fields resolves this in a particularly interesting fashion. The action of these projections on the N=1 component fields Φ and Φ^c residing in a 5d hypermultiplet is inherited from the action on the 5d vector multiplet eqs. (2.1)–(2.2). The result is that actions of both P and P^′ on the 4d chiral fields Φ and Φ^c have a relative sign:

P : Φ ∼ P_ΦΦ , P : Φ^c ∼ −P_ΦΦ^c , (2.3)

and similarly for P^′. This difference leads to a chiral spectrum for the zero modes. Indeed the KK spectrum of 5d bulk hypermultiplets in the representations 10 and 5 (whose 4d chiral components we denote T + T^c + F + F^c) resulting from the P, P^′ actions is given in table 1. Note that since P^′ does not commute with SU(5), components in different SU(3)× SU(2) × U(1) representations have different KK mode structures. Thus Q, U, D, L, E, etc., are used to indicate their SM transformation properties. It is important in the following that the zero modes under this action do not fill out full SU(5) multiplets of SM matter. From T we just get U and E zero modes, while from F we get L.

The remaining components of a full SU(5) multiplet are realised at the zero mode level by taking another copy of 10 and/or 5 in the bulk (with N = 1 chiral components denoted T^′ + T^{′c} and F^′ + F^{′c} respectively), and using the freedom to flip the overall action of the P^′ parity on these multiplets by a sign relative to the action on T + F . This difference leads to a different selection of zero mode components, the KK spectrum being given in table 2.

Combining the results of tables 1 and 2 we have zero modes which fill out the full matter content of either (or both) a 10 or 5 multiplet of SU(5) at the zero mode level, but without the doubling due to N = 2 bulk SUSY. Moreover, since different components

– 4 –

(P, P^′) 4d superfield 4d mass (+, +) T_U , T_E , F_L 2n/R (+, −) T_Q, F_D (2n + 1)/R (−, +) T^c_Q, F^c_D (2n + 1)/R (−, −) T^c_U , T^c_E , F^c_L (2n + 2)/R

Table 1: Parity assignments and KK masses of fields in the 4d chiral supermultiplets resulting from the decomposition of 5d hypermultiplets in the (T + F ) representation. The subscript labels the SM transformation properties, e.g. , Q = (3, 2)_{1/6}, Q = (3, 2)_{−1/6}, U = (3, 1)_{−2/3}, etc.

(P, P^′) 4d superfield 4d mass (+, +) T^′_Q, F^′_D 2n/R (+, −) T^′_U , T^′_E , F^′_L (2n + 1)/R (−, +) T^{′c}_U , T^{′c}_E , F^{′c}_L (2n + 1)/R (−, −) T^{′c}_Q , F^{′c}_D (2n + 2)/R Table 2: Parity assignments and KK masses of fields in 4d chiral supermultiplets resulting from the decomposition of 5d hypermultiplets in the (T^′ + F^′) representation.

of what we think of as a single 10 or 5 in fact arise from different parent multiplets in the higher dimension, the usual SU(5) counting of independent couplings, and thus the relations between masses and mixing angles is modified. We will soon utilize this feature in the construction of realistic models of flavor.

3. Flavor hierarchies from geometry

First, to set notation, recall that in the Standard Model, the quark and lepton masses and the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix are parameterized in terms of three 3 × 3 matrices, (U, D, E) of Yukawa coupling constants. In the MSSM, and after electroweak symmetry breaking the Yukawa interactions lead to:

L_{mass} = Q^i_LU_{ij} u^j_R v √ 2 sin β + Q^i_LD_{ij} d^j_R v √ 2 cos β + L^i_LE_{ij} e^j_R v √ 2 cos β + h.c. , (3.1)

where i, j = 1, 2, 3 are generation indices, tan β = ⟨H_u⟩ / ⟨H_d⟩, is the ratio of Higgs vacuum expectation values, and v = 246 GeV. The full Yukawa matrices, U and D are not determined by experiments, rather they fix only the diagonal mass matrices, U^{diag}, and D^{diag}, and the CKM mixing matrix, V_{CKM} . The relations between these objects are specified by the diagonalizing unitary rotations L_u, R_u, L_d, and R_d acting in generation space on the up and down sectors:

U^{diag} = L_uUR^†_u , D^{diag} = L_dDR^†_d , V_{CKM} = L_uL^†_d . (3.2)

Our basic strategy to go beyond the usual SU(5) treatment of the flavor structure of the SM matter is to use the geometrical suppression of some couplings due to the wavefunction normalization factors that arise when some fields propagate in different numbers of dimensions (this is similar to the arguments used in the context of neutrinos and other SM neutral states in the case of large extra dimensions [25]).

– 5 –

An illustrative example of the physics is provided by the following slightly simplified model: Consider the 5th dimensional line segment y ∈ [0, πR/2] of the orbifold models with SU(5)-invariant O-brane at y = 0, and SU(5) breaking O^′ brane at y = ℓ ≡ πR/2. There are then three possible locations for each multiplet: in the SU(5)-preserving 5d bulk, or at the O or O^′ branes. If the light SM states arise from the zero modes Φ_0 of a bulk field (generically denoted Φ) then the normalization factor of these zero modes is 1/ √ M_∗ℓ, where M_∗ is the UV cutoff scale of our effective higher-dimensional theory.^2 Alternatively some SM states can come from brane localized fields — generically ψ — which we initially take to be located at y = 0 for simplicity. Then the Yukawa interactions in the 4d effective lagrangian are of the form (x dependence suppressed): L ≃ ∫ dy { λ_0δ(y)ψ^3 + λ_1δ(y)ψ^2Φ(y) + λ_2δ(y)ψΦ^2(y) + λ_3δ(y)Φ^3(y) + λ^′_3Φ^3(y) }

≃ λ_0ψ^3 + λ_1 (M_∗ℓ)^{1/2} ψ^2Φ_{(0)} + λ_2 (M_∗ℓ) ψΦ^2_{(0)} + λ_3 (M_∗ℓ)^{3/2}

Φ^3_{(0)} + λ^′_1 (M_∗ℓ)^{1/2}

Φ^3_{(0)} . (3.3)

This equation, which is crucial for the rest of our analysis, requires some explanation. For any interaction which contains at least one brane localised field (λ_0, λ_1, or λ_2) there is automatically a localising δ(y)-function when the lagrangian is written in 5d. Then, for these terms, the number of factors of 1/ √ ℓ in the effective 4d lagrangian is simply given by the number of bulk fields in the interaction, as each one has this wavefunction factor. However for an interaction that involves only bulk fields Φ there are two possibilities. The first (λ^′_3) is that the Yukawa interaction occurs everywhere in the bulk. In this case there is no δ-function, and for a cubic term two of the wavefunction factors get cancelled by the integral over y ∈ [0, ℓ], leading to just one power of 1/ √ M_∗ℓ overall. The second possibility is that although the fields Φ live in the bulk, the interaction occurs only on the brane. This corresponds to the δ-function in the λ_3 coupling, leading to three factors of 1/ √ M_∗ℓ in the 4d effective coupling. (In the case with more than one brane such an interaction can occur at either, or both of the branes. This can be important in some circumstances.)

The second situation may seem unlikely, however it is in fact the typical case. The reason for this is that, as we mentioned above, the minimal supersymmetry in 5d corresponds to N = 2 from the 4d perspective. But N = 2 supersymmetry does not allow Yukawa interactions between matter hypermultiplets, so the interactions between the component N = 1 chiral multiplets are confined to the branes where the N = 2 SUSY is broken to N = 1 by the orbifold conditions.

The various possible flavor models are characterized by the placement of the T_i and F_i multiplets that make up the three generations of quarks and leptons. In addition it is also possible for the Higgs multiplets to be located in either the bulk or on the O^′-brane — if they were on the O-brane the doublet-triplet splitting problem re-emerges. To have at least some SU(5) mass relations, such as b − τ unification, the Higgs must reside in the SU(5)-symmetric bulk, in which case they form components of 5 and 5 in the bulk which we denote H and H respectively; for definiteness we will focus on this case in the

2The factor of M∗ arises from correctly normalizing the kinetic terms so that the zero modes are fields with 4d canonical dimensions.

– 6 – following. In the next two sections we explore forms for the Yukawa matrices following from the preceding considerations of locality, geometry, and the spatially dependent gauge and supersymmetries. We will not impose extra constraints, such as discrete or continuous flavor symmetries.

4. Two-generation models

For the charged fermion masses of the heaviest two generations there are six dimensionless ratios: m_μ/m_τ ≃ 1/17, m_s/m_b ≃ 1/40, m_c/m_t ≃ 1/300, V_{cb} ≃ 1/25, m_b/m_τ ≃ 1, m_b/m_t ≃ 1/60. We aim to provide a qualitative understanding of the first four of these in terms of the single volume factor ε ≡ 1/ √ M_∗ℓ, according to m_μ/m_τ , m_s/m_b, V_{cb} ≈ ε and m_c/m_t ≈ ε^2.

In addition, we begin with requiring that m_b/m_τ be precisely understood by the SU(5) mass relation, and explore the most general forms of the Yukawa matrices allowed by locality, without imposing extra constraints. Later we will consider the possibility of relaxing the requirement of precision b − τ unification. In section 5 we will also show the ratio m_b/m_t ≃ 1/60 can be understood from geometry.

The up quark mass matrix in SU(5) is proportional to the coefficient of an operator bilinear in the T_i fields: T_iT_j. A hierarchy of eigenvalues requires that one T is placed on a brane and the other in the bulk. The brane localized field has the heaviest up-type quark, and is therefore to be identified with the third generation T_3. To have a hope of obtaining the SU(5) relation m_b = m_τ at the unification scale, T_3 must be on O rather than O^′, so that the placement of the two T_i fields is unique. The up quark Yukawa coupling matrix for the two heavy generations, in the “locality basis”, is U ≃ ( δ^3 δ^2 δ^2 ε ) . (4.1)

In this expression δ corresponds to an SU(5)-violating parameter of the same magnitude as the SU(5)-invariant parameter ε. We emphasize that here and below we display only the hierarchical nature of the Yukawa matrices, ignoring the order unity Yukawa couplings of the 5d theory. We conclude that m_c/m_t is necessarily of order ε^2, and that V_{cb} necessarily contains a piece of order ε from diagonalization of the up quark sector.

One interesting feature of eq. (4.1) is that because of the SU(5) violation U is not symmetric as it would be in a 4d SU(5) theory. Also note that the top quark Yukawa coupling has a magnitude proportional to ε. This is not problematic, but shows that the higher dimensional Yukawa coupling is closer to strong coupling than in 4d theories.

The operators leading to down quark and charged lepton mass matrices have the form T_iF_j, leading to the 4d Yukawa matrices D_{ij} and E_{ji}. These matrices will have a hierarchy of order ε on the i index due to the locality of the T_i. Since we require mass ratios m_μ/m_τ , m_s/m_b ≈ ε, this implies that there is no additional hierarchy between the two generations resulting from the index j: F_2 and F_3 must be located on branes of the same dimensionality. Indeed it is well-known that the large hierarchy in the up quark sector suggests that, in SU(5) theories, the hierarchy is somehow associated with the T_i rather than with the F_j . In our scheme this difference has a simple geometrical origin: the T_i reside on branes with a hierarchy of volumes, while the F_j do not.

– 7 –

Figure 1: The location of the Higgs and 2nd and 3rd generation matter multiplets. The only alternative is for F_2 to be located at O^′ instead of O.

For locality to give the SU(5) m_b/m_τ mass relation, F_3 must be located on the SU(5) brane O. If it is in the bulk, then b and τ arise from different SU(5) multiplets F_3 and F^′_3, so that they have unrelated Yukawa couplings. Hence we are forced to conclude that the b and t Yukawa couplings are both of order ε. Thus in this 5d scheme the large t/b mass ratio must arise from a large value for tan β, the ratio of electroweak VEVs, rather than from volume factors. (At the end of this section we discuss models without precision b − τ unification where the large m_t/m_b mass ratio is also explained by geometry.) Thus our two generation theory is as shown in figure 1; the only lack of uniqueness in the choice of location for the second and third generations is whether F_2 resides at O or O^′.

With F_{2,3} both on O, we may relabel the combination which couples to T_3 as F_3, giving the Yukawa couplings in the “locality basis”: D ≃ ( δ^2 δ^2 0 ε ) , E ≃ ( δ^2 0 δ^2 ε ) . (4.2)

The weak mixing V_{cb} also acquires a contribution of order ε from diagonalization of the down quark sector. These order ε contributions to quark flavor mixing, from both up and down sectors, are simply a reflection of having T_2 in the bulk and T_3 on the brane. Eqs.(4.1) and (4.2) together lead to m_μ m_τ ≃ m_s m_b ≃ V_{cb} ≃ ε , m_c m_t ≃ ε^2 , and m_b = m_τ , (4.3)

as desired. Indeed, it is remarkable, as can be seen from figure 1, that so much of the flavor structure of the heaviest two generations is so simply understood by the single device of putting T_2 in the bulk. Finally note that there is no change to these results even if F_2 is located at O^′. The operator T_3F_2H is now forbidden by locality, so that the Yukawa matrices again take the form of eq. (4.2).

Before we discuss neutrino masses, let us mention an interesting variation. While the present configuration gives m_b = m_τ , it requires a large tan β, as m_b/m_t is not volumesuppressed. However, it is possible to get the right m_b/m_t without a large tan β, by putting both F_2 and F_3 in the bulk. Since the locations of T ’s are unaltered, the up-quark mass matrix eq. (4.1) stays the same, while the down-quark and lepton matrices in eq. (4.2) become smaller by a factor of ε, which is good for m_b/m_t. However, the precise SU(5) relation m_b = m_τ is lost. We will see how both can be achieved in a 6d model.

– 8 –

4.1 Neutrino masses Neutrino masses can be generated via the see-saw mechanism if SU(5) singlet fields N are introduced. If the N’s are located at a 3-brane, they are expected to acquire Majorana mass of order M_∗. For bulk N’s, contributions to Majorana masses from brane mass terms are of order 1/ℓ. In addition to this, we can write down bulk mass terms if we have more than one hypermultiplet in the bulk, which gives masses of order M_∗, but here, for simplicity, we assume that these large bulk masses are absent.

Now, as an interesting example, consider the case of a single N field. With F_2 at O, large ν_μν_τ mixing is inevitable: V_{μτ} ≈ 1. The F_{2,3} basis is defined by the couplings of T_3, so that the two couplings F_{2,3}NH will be comparable independent of where N is located. This is a striking result: so much of the observed pattern of flavor in the heavy two generations appear to emerge from putting all the matter on the brane with SU(5) invariance, except for the field T_2.^3

It would be exciting to obtain a neutrino mass enhanced from v^2/M_G by an inverse power of ε, corresponding to the measured atmospheric oscillation distance, but this does not seem to readily occur. One typically gets a suppression: ε^2v^2/M_G for bulk N, or v^2/M_∗ for brane N. Therefore it seems that an additional ingredient is necessary to suppress the Majorana NN mass. For example, with F_3 and N both located on O, the NN mass might be suppressed if (B − L) breaking occurs at O^′ and is mediated across the bulk by heavy fields. If a second N field is placed in the bulk it would have a much larger Majorana mass, and would give rise to a correspondingly smaller light neutrino eigenvalue. On extending the theory to three generations, this eigenvalue can provide the smaller neutrino mass squared difference required for solar neutrino oscillations.

5. Three-generation models in six dimensions

Attractive three generation flavor models where all large hierarchies are explained by geometry can be constructed using a simple extension of the S^1/(Z_2 × Z^′_2) theories to 6 dimensions. Specifically consider a 2d “rectangular” extra dimensional space with coordinates y_1, y_2 formed by the product of two S^1/(Z_2 × Z^′_2) structures at right angles. Equivalently this is just a 2d torus T^2 modded out by (Z_2 × Z^′_2)^2. This rectangle has 4 orbifold 4-branes at its border, O_1 along the y_1 axis, O_2 along the y_2 axis, O^′_1 along y_2 = ℓ_2, and O^′_2 along y_1 = ℓ_1. We take ℓ_2 > ℓ_1.

This 6d system has a richer set of possible symmetry structures than the 5d case case. In particular the two sets of orbifold actions, (Z_2 × Z^′_2)_1 acting in the y_1 direction and (Z_2 × Z^′_2)_2 acting in the y_2 direction, can have different actions in field space:

A. The most immediate extension of the 5d models is if for each factor, Z_2 commutes with SU(5) and Z^′_2 commutes with only SU(3) × SU(2) × U(1). In this case the O_1

3On the other hand, if we were to consider models with F 2 and F 3 spatially separated, both small and large mixing angle possibilities exist. With N in the bulk Vμτ ≈ 1, while with N on a brane Vμτ ≈ ε^2. One’s naive expectation that quark-lepton unification will give Vμτ ≈ V_{cb} ≈ ε turns out not to be correct. There is no relation between the mixing of quark doublets (contained in T ) and lepton doublets (contained in F ) because SU(5) allows a different spatial arrangement for the T and F fields.

– 9 –

Figure 2: Two of the possible structures of gauge and SUSY breaking in 6d generalized from the S^1/(Z_2 × Z^′_2) model in 5d. In both cases all 5d boundary branes possess N = 1 5d SUSY, while all 4d fixed-brane corners have only 4d N = 1 SUSY.

and O_2 branes preserve SU(5) with (from a 4d counting) N = 2 SUSY, while the O^′_1 and O^′_2 branes preserve just SU(3) × SU(2) × U(1). This symmetry structure is illustrated in figure 2A.

B. Other options arise if we reduce the amount of SU(5) breaking on the orbifold. If instead of equivalent actions in the two directions we change the gauge properties of one of the factors so that both Z_2 and Z^′_2 commute with SU(5), we can have a situation where each 4-brane is SU(5) preserving except O^′_2, say, which only preserves SU(3) × SU(2) × U(1). This is illustrated in figure 2B.

Note that in both cases the bulk possesses the full SU(5) gauge symmetry, but now with N = 2 SUSY from the 6d perspective, equivalent to N = 4 in 4d. This ensures that the 6d bulk theory is free of gauge anomalies [17, 19]. The corners of the rectangle are 3-branes which we will identify with our 4-dimensional world. The combination of orbifold projections at these corners breaks the 6d N = 2 SUSY all the way down to N = 1 4d supersymmetry.

Another new feature of the 6d case is the possibility of placing in different locations the fields giving rise to zero modes that effectively fill out complete SU(5) multiplets. For example, in the S^1/(Z_2 × Z^′_2) orbifold of section 4 we needed to have both T_2 and T^′_2 fields to realize zero modes of matter in a full 10 of SU(5), and moreover, because there was only one extended 5d space (the full bulk in this case) they necessarily had to be located together. However in both 6d cases illustrated in figure 2 there are now 4 fixed branes of spacetime dimensionality 5 on which we can place the matter and explain hierarchies by

– 10 – volume factors. In some cases, such as the branes O_1 and O_2 of structure A, or O_1 and O^′_1 of structure B, the full SU(5) symmetry is realized on both branes. In such cases we are allowed to place, e.g. , for structure B, T_1 on O_1, while T^′_1 is located on O^′_1. As we will discuss below this allows us to engineer some interesting “texture zeros”. Alternatively we could utilize matter situated on the branes that do not preserve SU(5), but only the SM subgroup. In this situation [16] it is only necessary that SM multiplets are localized to the brane, and there is nothing that forces, say, both the U and E components of what was formerly combined in a T to be placed on the same brane, or, as we will see, U_1 to be present at all if we wish to have a massless up-quark. (It is also amusing to note that such constructions in orbifold GUT theories allow exotic states with leptoquark quantum numbers in a manner that is naturally consistent with the stringent proton decay and flavor-changing constraints [26].)

One worry concerning these 6d models is that the cutoff M_∗ might not be sufficiently far above the scales 1/ℓ_{1,2} if the 6d gauge theory quickly becomes strongly coupled. If this were the case then we would not be able to take the parameters ε_1 = 1/ √ M_∗ℓ_1 and ε_2 = 1/ √ M_∗ℓ_2 sufficiently small to be useful in generating the observed flavor hierarchies.

However the usual naive dimensional analysis or RG running estimate of the cutoff scale is very dependent on the flat nature of the extra dimensions (with the usual evenly spaced Kaluza-Klein spectrum). As shown in ref. [27] the form of the KK spectrum is highly dependent on the curvature of the extra dimensional space (apart from the zero modes which are unaffected since they arise for essentially topological reasons). For example, replacing the g = 1 torus T^2 with a simple 2d compact hyperbolic manifold (CHM) (genus g > 1 Riemann surfaces) leads to an exponential squeezing of the excited KK modes to high scales. (Specifically, the non-zero-mode KK states have masses that start at exp(α)/ℓ rather than m_{KK} ∼ 1/ℓ, for some α which depends on the CHM chosen and which can easily be O(10).) On the other hand, it is simple to prove that the shape of the zero-mode wavefunctions in the extra dimensions is still constant, and the normalization factors for the zero-mode wavefunctions are still given by 1/ √ M_∗ℓ. The raising of the excited KK spectrum raises the scale at which the 6d gauge theory becomes strong, and so allows larger values of M_∗ℓ.

With these general considerations in mind we now turn to the construction of a variety of three-generation flavor models in 6d. As well as the building of an attractive model our interest is to demonstrate some of the possibilities of the new framework.

5.1 Two simple 3-generation models with small tan β

One simple model based on the symmetry structure A of figure 2 is depicted in figure 3. As before, the quark and lepton mass hierarchies arise from the T ’s: all three generations F_1, F_2, F_3 of matter 5’s are located at the 4D intersection of O_1 and O_2, together with the third generation T_3, ensuring bottom-tau unification. On the other hand, T_1 + T^′_1 and T_2 + T^′_2 are located on the 5D spaces O_1 and O_2, respectively. Finally, H_5 and H_5, containing the down-type and up-type Higgs multiplets, also propagate on O_1 and O_2 respectively. This configuration gives rise to the following textures for Yukawa couplings

– 11 –

Figure 3: The configuration of the MSSM Higgs and 3 generations of matter multiplets in a simple 6D flavor model based on orbifold structure A.

in the locality basis: U ≃ ε_2 δ^2_1 δ_1δ_2 δ_1 δ_1δ_2 δ^2 δ_2 δ_1 δ_2 1 , D ≃ ε_1 δ_1 δ_1 δ_1 0 δ_2 δ_2 0 0 1 , E ≃ ε_1 δ_1 0 0 δ_1 δ_2 0 δ_1 δ_2 1 . (5.1) Here (δ_1, ε_1) and (δ_2, ε_2) are volume suppressions of order 1/ √ M_∗ℓ_1 and 1/ √ M_∗ℓ_2 associated with the spaces O_1 and O_2, respectively. As before, the ε’s and the 1’s in eq. (5.1) are SU(5) preserving while the δ’s are SU(5) violating. Also, we have relabelled F_1, F_2 and F_3 such that T_3 couples only to F_3 while T_2 couples to F_2 and F_3. Now, by taking ℓ_1 ≫ ℓ_2, we obtain a mass hierarchy for the light two generations, with the hierarchy again strongest for the up-type quarks. Altogether we have m_t : m_c : m_u ∼ 1 : δ^2 : δ^2_1 and m_{b,τ} : m_{s,μ} : m_{d,e} ∼ 1 : δ_2 : δ_1. The placement of the Higgs multiplets also introduces the hierarchy λ_b/λ_t ∼ δ_1/δ_2, so in this model m_b/m_t is volume suppressed and large tan β is not necessary. Also note that we do not have the phenomenologically disfavored SU(5) mass relations like m_d/m_s = m_e/m_u, because the light generations propagate on 4-branes and are sensitive to the orbifold breaking of SU(5). Thus even this quite simple model has many attractive features.

Much of the discussion on neutrino masses from section 4 also carries over here. Because the F ’s share the same location, large mixing angles are expected regardless of where the N’s propagate. (The small value of θ_{13} < .15 [23] should in this model arise as a mild accidental cancellation.) If each N propagates in the same space, this setup provides a simple realization of the neutrino mass anarchy scenario [24]. As before, the Majorana mass for an N localized to the 3-brane may be suppressed by distant breaking of (B − L),

– 12 –

Figure 4: The configuration of the MSSM Higgs and 3 generations of matter multiplets in a simple 6d flavor model based on orbifold structure B.

and if a different N propagating in the bulk or on a 4-brane has direct contact with the breaking, it will have a larger Majorana mass, leading to a smaller mass eigenvalue that could be relevant for solar neutrino oscillations.

To illustrate how the gauge symmetry structure of the orbifold can impact flavor model building, consider another simple model, this time based on structure B (see figure 4). Since the O_2 brane now feels no SU(5) breaking from orbifold projections at either of its endpoints, it is no longer necessary to include the fields T^′_2 and F^′_3 so as to give the required SM state. As a consequence this construction gives another method of realizing bottom-tau unification even though F_3 propagates on a 4-brane, as there is just one 5 state, and thus one Yukawa coupling for both b and τ. Unwanted SU(5) mass relations are still avoided for the light two generations because F_1 and F_2 contact the 4-brane O^′_2 that only preserves SU(3) × SU(2) × U(1). By the same token, the Higgs must be located on the vertical line to get doublet-triplet splitting. As before, m_b/m_t is suppressed by a volume factor. The resulting mass matrices, after appropriately relabelling F_1 and F_2, are U ≃ ε_1 δ^2_1 δ_1ε_2 δ_1 δ_1ε_2 ε^2 ε_2 δ_1 ε_2 1 , D ≃ E^T ≃ ε_1 δ^2_1 δ^2_1 δ_1ε_2 0 δ_1ε_2 ε^2 δ_1 δ_1 ε_2

. (5.2)

Thus, this model is as attractive as the previous one.

These two models are not perfect, however. They lead to θ_c ∼ m_d/m_s ∼ m_e/m_u ∼ δ_2/δ_1, when the correct numerical values are ∼ 1/5, 1/20, and 1/200, respectively. Of course because there are unknown coefficients contained in each element of the Yukawa matrices it is not impossible that these ratios are corrected, but this deviation from our

– 13 –

Figure 5: A configuration based on orbifold structure A that gives D_{11} = E_{11} = 0, leading to θ_c ∼ √ m_d/m_s.

philosophy is unappealing. Nevertheless, the textures of eqs. (5.1) and (5.2) do go a long way towards explaining hierarchies of fermion masses and mixings. We now show it is possible to build on this basic idea to do better.

5.2 Improved 3-generation models

Consider a variation of the previous A-type model, shown in figure 5. This demonstrates how texture zeros can arise in our framework (without giving a massless fermion), and also shows how one can improve on some of the mass and mixing-angle relations obtained from eq. (5.1) in the original case. The idea of this model follows from the well-known fact that for the light generations of down-type quarks, the texture

D ≃ ( 0 δ δ 1 ) , (5.3)

leads to the successful relation θ_c ∼ √ m_d/m_s rather than θ_c ∼ m_d/m_s (provided that larger mixing does not come from the up sector). Moreover, if the E Yukawa texture has the same form, except that its (2,2) entry happens to be somewhat larger, then the texture zero leads to a suppression of the ratio m_e/m_μ relative to m_d/m_s by (D_{22}/E_{22})^2. So if the above form of the Yukawa matrix is generated for D and E, the appropriate ratios of θ_c, m_d/m_s, and m_e/m_u can arise merely from a factor of three difference between D_{22} and E_{22} [8] which is acceptable in our framework.

– 14 –

Figure 6: A configuration based on orbifold structure A that gives θ_c ∼ √ m_d/m_s and m_u = 0.

The configuration of figure 5 realizes this texture by spatially separating T_1 and F_1, giving the Yukawa matrices

U ≃ ε_2 δ^2_1 δ_1δ_2 δ_1 δ_1δ_2 δ^2 δ_2 δ_1 δ_2 1 , D ≃ E^T ≃ ε_2 0 δ_1δ_2 δ_1δ_2 δ_2δ_1 δ^2 δ^2 0 0 δ_2

, (5.4)

in the locality basis. Note that the (1, 1) and (3, 1) entries of D and E^T vanish because T_1 and T_3 are localized away from L_1 and D_1. On the other hand the zero in the (3, 2) entry of D and E^T is just due to the freedom to relabel the combination of F_2 and F_3 that couples to T_3. Thus this model predicts the desirable relation θ_c ∼ √ m_d/m_s. Another nice feature of this model is that m_b/m_t is suppressed by a volume factor since F^′_3 lives on the O_2 4-brane. However, precision bottom-tau unification is an accident and the model also predicts m_u/m_c ∼ m_d/m_s when in fact m_d/m_s is at least a factor ∼ 10 larger.

This last difficulty is avoided in an interesting way by the model of figure 6. We have removed T_1 and distributed U_1 and E_1 onto O^′_2 and O^′_1 respectively. Recall form Tables 1 and 2 that each T on an SU(5) preserving 4-brane (with at least one SU(5)- violating boundary brane) contains massless zero modes only for U and E, while each such T^′ contains a massless zero mode only for Q, and recall also that O^′_1 and O^′_2 preserve just SU(3) × SU(2) × U(1). The associated Yukawa matrices are thus

U ≃ ε_2 0 δ_1δ_2 δ_1 0 δ^2 δ_2 0 δ_2 1 , D ≃ E^T ≃ ε_2 0 δ_1δ_2 δ_1δ_2 δ_1δ_2 δ^2 δ^2 0 0 δ_2

, (5.5)

– 15 – in the locality basis. The most striking and interesting feature of this model is that it realizes in a simple way two features, m_u = 0 and θ_c ∼ √ m_d/m_s. This is especially so because m_u = 0 is a solution to the strong CP problem (as U_1 has no Yukawa interactions), which may be consistent with chiral perturbation theory [22]. Moreover, the hierarchy m_t/m_b is still explained by volume suppression in this model, again because F^′_3 propagates on a 4-brane. Therefore, except for the fact that precision bottom-tau unification must still be regarded as a numerical accident, this is a notably successful model.

6. Conclusions

We have argued that 5 and 6-dimensional supersymmetric orbifold GUT models allow an appealing explanation of the observed hierarchical structure of the quark and lepton masses and mixing angles. Our hypothesis is that flavor hierarchies arise from the geometrical suppression of some couplings due to wavefunction normalization factors when fields propagate in different numbers of dimensions. Moreover, if fields propagate on different fixed branes, restrictions arising from locality in the extra dimension allow interesting texture zeroes to be simply explained. In addition the detailed nature of the SU(5)-breaking orbifold projections lead to simple theories where b − τ unification is maintained but similar, disfavored, SU(5) relations for the lighter generations are naturally avoided. We find that simple 5d models based on S^1/(Z_2 × Z^′_2) are strikingly successful in explaining many features of the masses and mixing angles of the 2nd and 3rd generation, this success resulting from the single simple assumption that the only matter propagating in the 5th dimension is the second generation 10 of SU(5). These ideas were then extended in section 5 to successful three generation models of flavor, constructed by generalizing the S^1/(Z_2 × Z^′_2) model to six dimensions on orbifolds with structure T^2/(Z_2 × Z^′_2)^2. Once again the primary hypothesis leading to attractive models was the distribution of the three generations of 10’s, T_1, T_2, T_3 on branes of different co-dimensionality or linear extent in the extra dimensions. Some novel features of these models, including a simple m_u = 0 configuration leading to a solution of the strong CP problem were also discussed.

Finally, a valid criticism of our models is that they only give the hierarchical structure of the quark and lepton masses and mixing angles and do not allow precise predictions because of the many unknown O(1) Yukawa couplings of the high-scale theory. In this regard our models share features of the Froggert-Nielsen mechanism [9], where such uncertainties are also present. We believe that by utilizing further features unique to higher-dimensional GUT theories it is possible to fix many of these O(1) parameters, thus leading to a set of precise predictions for relations among the low-energy quark and lepton masses and mixing angles. Certainly many interesting issues raised by the success of the S^1/(Z_2 × Z^′_2) orbifold GUT models and its generalizations remain to be investigated.

Acknowledgments

We are grateful to Arthur Hebecker for discussions. J.M.R. thanks the Theory Group, LBNL, for their kind hospitality during this work.

– 16 –

References

[1] H. Georgi and S.L. Glashow, Unity of all elementary particle forces, Phys. Rev. Lett. 32 (1974) 438;

H. Georgi, Unified gauge theories, in Proceedings, Coral Gables 1975, Theories and Experiments In High Energy Physics, New York, 1975.

[2] A. Salam, J. Strathdee, J.C. Pati and A. Salam, Unified lepton - hadron symmetry and a gauge theory of the basic interactions, Phys. Rev. D 8 (1973) 1240; J.C. Pati and A. Salam, Lepton number as the fourth color, Phys. Rev. D 10 (1974) 275.

[3] H. Georgi, H.R. Quinn and S. Weinberg, Hierarchy of interactions in unified gauge theories, Phys. Rev. Lett. 33 (1974) 451.

[4] S. Dimopoulos, S. Raby and F. Wilczek, Supersymmetry and the scale of unification, Phys.

Rev. D 24 (1981) 1681.

[5] S. Dimopoulos and H. Georgi, Softly broken supersymmetry and SU(5), Nucl. Phys. B 193 (1981) 150.

[6] N. Sakai, Naturalness in supersymmetric ‘GUTs’, Zeit. Phys. C11 (1981) 153;

L.E. Ibáñez and G.G. Ross, Low-energy predictions in supersymmetric grand unified theories, Phys. Lett. B 105 (1981) 439; SU(2)_L × U(1) symmetry breaking as a radiative effect of supersymmetry breaking in GUTs, Phys. Lett. B 110 (1982) 215; M.B. Einhorn and D.R.T. Jones, The weak mixing angle and unification mass in supersymmetric SU(5), Nucl. Phys. B 196 (1982) 475;

W.J. Marciano and G. Senjanovic, Predictions of supersymmetric grand unified theories, Phys. Rev. D 25 (1982) 3092;

P. Langacker and M.X. Luo, Implications of precision electroweak experiments for M^t, ρ_0, sin^2 −θ(w) and grand unification, Phys. Rev. D 44 (1991) 817; J.R. Ellis, S. Kelley and D.V. Nanopoulos, Probing the desert using gauge coupling unification, Phys. Lett. B 260 (1991) 131;

U. Amaldi, W. de Boer and H. Furstenau, Comparison of grand unified theories with electroweak and strong coupling constants measured at LEP, Phys. Lett. B 260 (1991) 447.

[7] M.S. Chanowitz, J.R. Ellis and M.K. Gaillard, The price of natural flavor conservation in neutral weak interactions, Nucl. Phys. B 128 (1977) 506;

A.J. Buras, J.R. Ellis, M.K. Gaillard and D.V. Nanopoulos, Aspects of the grand unification of strong, weak and electromagnetic interactions, Nucl. Phys. B 135 (1978) 66.

[8] H. Georgi and C. Jarlskog, A new lepton-quark mass relation in a unified theory, Phys. Lett.

B 86 (1979) 297.

[9] C.D. Froggatt and H.B. Nielsen, Hierarchy of quark masses, Cabibbo angles and CP-violation, Nucl. Phys. B 147 (1979) 277.

[10] J.A. Harvey, D.B. Reiss and P. Ramond, Mass relations and neutrino oscillations in an SO(10) model, Nucl. Phys. B 199 (1982) 223;

S. Dimopoulos, L.J. Hall and S. Raby, A predictive framework for fermion masses in supersymmetric theories, Phys. Rev. Lett. 68 (1992) 1984; A predictive ansatz for fermion mass matrices in supersymmetric grand unified theories, Phys. Rev. D 45 (1992) 4192; H. Arason, D.J. Castano, E.J. Piard and P. Ramond, Mass and mixing angle patterns in the standard model and its minimal supersymmetric extension, Phys. Rev. D 47 (1993) 232 [hep-ph/9204225];

– 17 –

P. Ramond, R.G. Roberts and G.G. Ross, Stitching the Yukawa quilt, Nucl. Phys. B 406 (1993) 19 [hep-ph/9303320];

G.F. Giudice, A new ansatz for quark and lepton mass matrices, Mod. Phys. Lett. A 7 (1992) 2429 [hep-ph/9204215];

L.E. Ibáñez and G.G. Ross, Fermion masses and mixing angles from gauge symmetries, Phys. Lett. B 332 (1994) 100 [hep-ph/9403338].

[11] See K.S. Babu and S.M. Barr, Natural gauge hierarchy in SO(10), Phys. Rev. D 50 (1994) 3529 [hep-ph/9402291].

[12] For a recent treatment: H. Murayama and A. Pierce, Not even decoupling can save minimal supersymmetric SU(5), Phys. Rev. D 65 (2002) 055009 [hep-ph/0108104].

[13] Y. Kawamura, Gauge symmetry reduction from the extra space S_1/Z_2, Prog. Theor. Phys.

103 (2000) 613 [hep-ph/9902423]; Triplet-doublet splitting, proton stability and extra dimension, Prog. Theor. Phys. 105 (2001) 999 [hep-ph/0012125]; Split multiplets, coupling unification and extra dimension, Prog. Theor. Phys. 105 (2001) 691 [hep-ph/0012352].

[14] G. Altarelli and F. Feruglio, SU(5) grand unification in extra dimensions and proton decay, Phys. Lett. B 511 (2001) 257 [hep-ph/0102301].

[15] L.J. Hall and Y. Nomura, Gauge unification in higher dimensions, Phys. Rev. D 64 (2001) 055003 [hep-ph/0103125].

[16] A. Hebecker and J. March-Russell, A minimal S_1/(Z_2) × Z^′_2) orbifold GUT, Nucl. Phys. B 613 (2001) 3 [hep-ph/0106166].

[17] A. Hebecker and J. March-Russell, The structure of GUT breaking by orbifolding, Nucl. Phys.

B 625 (2002) 128 [hep-ph/0107039].

[18] R. Barbieri, L.J. Hall and Y. Nomura, Models of Scherk-Schwarz symmetry breaking in 5d:

classification and calculability, Nucl. Phys. B 624 (2002) 63 [hep-th/0107004]; J.A. Bagger, F. Feruglio and F. Zwirner, Generalized symmetry breaking on orbifolds, Phys. Rev. Lett. 88 (2002) 101601 [hep-th/0107128];

A. Masiero, C.A. Scrucca, M. Serone and L. Silvestrini, Non-local symmetry breaking in Kaluza-Klein theories, Phys. Rev. Lett. 87 (2001) 251601 [hep-ph/0107201]; C. Csáki, G.D. Kribs and J. Terning, 4d models of Scherk-Schwarz GUT breaking via deconstruction, Phys. Rev. D 65 (2002) 015004 [hep-ph/0107266];

H.C. Cheng, K.T. Matchev and J. Wang, GUT breaking on the lattice, Phys. Lett. B 521 (2001) 308 [hep-ph/0107268];

L.J. Hall, H. Murayama and Y. Nomura, Wilson lines and symmetry breaking on orbifolds, Nucl. Phys. B 645 (2002) 85 [hep-th/0107245];

N. Haba, T. Kondo, Y. Shimizu, T. Suzuki and K. Ukai, Model with gauge coupling unification on S_1/(Z_2 × Z_2^′) orbifold, Prog. Theor. Phys. 106 (2001) 1247 [hep-ph/0108003]; T. Asaka, W. Buchmuller and L. Covi, Gauge unification in six dimensions, Phys. Lett. B 523 (2001) 199 [hep-ph/0108021];

N. Borghini, Y. Gouverneur and M.H.G. Tytgat, Anomalies and fermion content of grand unified theories in extra dimensions, Phys. Rev. D 65 (2002) 025017 [hep-ph/0108094]; T.J. Li, GUT breaking on M^4 × T^2/(Z_2 × Z_2^′), Phys. Lett. B 520 (2001) 377 [hep-th/0107136]; N = 2 supersymmetric GUT breaking on T^2 orbifolds, Nucl. Phys. B 619 (2001) 75 [hep-ph/0108120];

R. Dermisek and A. Mafi, SO(10) grand unification in five dimensions: proton decay and the mu problem, Phys. Rev. D 65 (2002) 055002 [hep-ph/0108139].

– 18 –

[19] L.J. Hall, Y. Nomura, T. Okui and D.R. Smith, SO(10) unified theories in six dimensions, Phys. Rev. D 65 (2002) 035008 [hep-ph/0108071].

[20] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum configurations for superstrings, Nucl. Phys. B 258 (1985) 46;

E. Witten, Symmetry breaking patterns in superstring models, Nucl. Phys. B 258 (1985) 75; For a recent discussion see: A.E. Faraggi, Doublet-triplet splitting in realistic heterotic string derived models, Phys. Lett. B 520 (2001) 337 [hep-ph/0107094].

[21] R. Contino, L. Pilo, R. Rattazzi and E. Trincherini, Running and matching from 5 to 4 dimensions, Nucl. Phys. B 622 (2002) 227 [hep-ph/0108102].

[22] D.B. Kaplan and A.V. Manohar, Current mass ratios of the light quarks, Phys. Rev. Lett. 56 (1986) 2004.

[23] CHOOZ collaboration, M. Apollonio et al., Limits on neutrino oscillations from the chooz experiment, Phys. Lett. B 466 (1999) 415 [hep-ex/9907037].

[24] L.J. Hall, H. Murayama and N. Weiner, Neutrino mass anarchy, Phys. Rev. Lett. 84 (2000) 2572 [hep-ph/9911341].

[25] N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali and J. March-Russell, Neutrino masses from large extra dimensions, Phys. Rev. D 65 (2002) 024032 [hep-ph/9811448]; N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and J. March-Russell, Rapid asymmetric inflation and early cosmology in theories with sub-millimeter dimensions, Nucl. Phys. B 567 (2000) 189 [hep-ph/9903224];

K.R. Dienes, E. Dudas and T. Gherghetta, Light neutrinos without heavy mass scales: a higher-dimensional seesaw mechanism, Nucl. Phys. B 557 (1999) 25 [hep-ph/9811428].

[26] K.S. Babu, C.F. Kolda, J. March-Russell and F. Wilczek, Comments on the high-Q^2 HERA anomaly, Phys. Lett. B 402 (1997) 367 [hep-ph/9703299];

G. Altarelli, J.R. Ellis, G.F. Giudice, S. Lola and M.L. Mangano, Pursuing interpretations of the HERA large-Q^2 data, Nucl. Phys. B 506 (1997) 3 [hep-ph/9703276].

[27] N. Kaloper, J. March-Russell, G.D. Starkman and M. Trodden, Compact hyperbolic extra dimensions: branes, Kaluza-Klein modes and cosmology, Phys. Rev. Lett. 85 (2000) 928 [hep-ph/0002001].

– 19 –